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A Solution to a Problem of Denes: a Bijection Between Trees and 
Factorizations of Cyclic Permutations 
PAUL MoszKowsKI 
In his paper [!], J. Denes proved that the set Tn of labeled trees of n vertices and the set of 
representations of a given cyclic permutation (belonging to the symmetric group of order n, s.) as 
a product of n - I transpositions have the same cardinality. In [I] is also asked the question of 
finding a direct bijection between these sets, which is the purpose of the following work. 
l. INTRODUCTION 
In fact, Denes gives a bijection between larger sets, namely the set of labeled trees 
of n vertices with labeled edges and the set of (n - I)-tuples of transpositions of Sn 
(sn, Sn-l' ... ' Sz) such that the product sn ... Sz is a cyclic permutation. By this bijec-
tion, to the tree with labeled edges s2 , ••• , sn (i being the label of sJ corresponds the 
(n - 1 )-tuple (s", ... , s2 ). If ICn(~)l is the number of ways one can represent a given cyclic 
permutation ~ as a product of n - 1 transpositions, it is obvious, using conjugacy, that 
IC.(~)I does not depend on the choice of the cyclic permutation ~. From the bijection 
follows immediately that (C. being the set of (n - 1 )-tuples of transpositions (u", ... , u2 ) 
such that the product un · · · u2 is equal to the standard cyclic permutation (12 · · · n)), 
(n - 1)!1Tnl = (n - 1)!1C.I, 
since (n - 1 )! is the number of ways one can label the edges of a given tree, as well as the 
number of cyclic permutations. Consequently, 
according to Cayley's formula. 
In [2], Eden and Schiitzenberger answer the following question: If {t2 , •.• , tn} = 
{t~, . .. , t~} are the edges of a given tree TofT"' under what conditions is the equality 
t" · · · t2 = t~ · · · t; verified? From the answer follows that if the tree T has the degree-
sequence d(l), ... , d(n), then the number of different cyclic permutations obtained by 
forming the products of its n - 1 edges is d(1)! · · · d(n)!. In particular, it is remarkable 
that a given tree cannot, in general, generate every one of the (n - 1 )! different cyclic 
permutations of S". 
This fact suggests that, in order to construct a bijection between Tn and c., we have to 
de/abel the vertices of the trees. 
2. THE BIJECTION 
We will need Denes' lemma, for which we are going to give a short proof, since it helps 
to understand the mechanism of our bijection. 
LEMMA ([1], p. 64; [4], p. 119). If s2 , ••• , snare transpositions of Sn, then the product 
sn · · · s2 is equal to a cyclic permutation if and only if the graph G (s2 , ••• , sn) with vertices 
1, 2, ... , nand edges s2 , ••• , sn is a tree. 
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PROOF. (1) For 1 ~ x ~ n, necessarily there exists a path in G(s2, ... , s") joining x 
and s" · · · s2(x). Consequently, if sn · · · s2 is cyclic, then G(s2, ... , s") is connected. Now 
G(s2, ... , s") has n vertices, n - I edges and is connected, and therefore is a tree (the same 
argument also proves that the product of fewer than n - 1 transpositions of sn cannot be 
equal to a cyclic permutation). 
(2) If Tis a tree ofT" with edges s2 , ••• , s", the graph with vertices I, 2, ... , n 
and edges s2 , ••• , s"_ 1 is the union of two disjoint trees; the edges of one of these trees 
commute with the edges of the other (as transpositions). We can suppose (by induction) 
that each of these trees represents a cycle: sn-1 ... s2 = cl . c2' the cycles cl and c2 
being disjoint. If 
then we have: 
With these conditions s" · · · s2 must be equal to a cyclic permutation. D 
If Tis a tree ofT" and t = (a, b) is an edge ofT, there exists one and only one path joining 
the vertex I to the edge t, and we can suppose that b is the endpoint of this path: 
a b 
We put sr = t and ~(T) = s; · · · sJ. According to the lemma, ~(T) is a cyclic 
permutation. 
EXAMPLE. 
6 
T = 
We then define the permutation fr by the equation: 
~ k ~ n, 
and we put 
2 ~ i ~ n. 
uT is a transposition, since it is a conjugate of sj. We have 
u; · · · uf = fr- 1 • ~(T) • fr = (12 · · · n). 
DEFINITION. (JJ(T) = (u;, ... , uf): 
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THEOREM. <I> is bijective. 
PROOF. Let (un, ... , u2) be an element of C.: 
un···u2 = (I2 ... n). 
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According to the lemma, we know that the graph G(un, ... , u2) with vertices 1, 2, .. , n 
and edges un, ... , u2 is a tree. 
If Tis a tree such that </J(T) = (un, . .. , u2), then Tis obtained from G(un, ... , u2) by 
the permutation of vertices fr, since si = fr · u; · fr- 1 • On the other hand, we know that 
frO) = 1, and for 2 ~ i ~ n, the last edge of the path joining 1 to i is si: 
(T) 
It follows that if the endpoint of the path joining 1 to u; is denoted by X;, thenfr(x;) = i: 
Consequently, if T exists such that </J(T) = (un, ... , u2), then Tis unique. 
Conversely, let T(u", ... , u2) be the tree obtained from G(u", ... , u2) by the permutation 
f of the vertices: 
f(1) = 1, f(x;) = i, 2 ~ i ~ n, 
Uj. 
------------_..;;_--
The edges ofT = T(un, ... , u2 ) are the s; = f · u; • f- 1 (2 ~ i ~ n). By construction, 
sr = S;, SO that 
We have 
i.e.fT = f 
Now 
C6'(T) = sn · · · S2 = f · (12 ... n) · f- 1 = (f(l)f(2) ... f(n)). 
f(k) 
which completes the proof. 
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EXAMPLE : n = 4 
T ¢(T) 
(23)(34)(14) 
(24)(23)(14) 
(34) ( 12) (24) 
(24)(14)(23) 
(12) (34)(24) 
(12) (23) (34) 
(34)( 14)( 12) 
( 13)(34)(12) 
( 14)( 12)(23) 
(13)( 12)(34) 
(23)(14)(13) 
(14)(23)(13) 
(14)(13)( 12) 
(34)(24)(14) 
(23)( 13 )(34) 
(12)(24)(23) 
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